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Applied Differential Equations
Section J
Exam I (A)

ANSWER KEY

(1) (10 points) The ODE

dy 2
— =4 1
7y = AT+ 1)
is separable. It can be written in the form
d
Ziy =4 d.’E7
y=+1

which, by integration leads to the solution in implicit form
arctany = 4dx + C,

where C' is an arbitrary constant.

(2) (10 points) The following equation

dy 4
da +y=xy
is a Bernoulli equation with n = 4. We will use the substitution v = y =3 (with du = —3y~* dy).

Following this substitution, we obtain the linear ODE

Z—Z —3u = —3z.
An integrating factor is then p(z) = ¢=3%, so 6_3IZ—ZZ —3e 3%y = -3¢ 3z, or
(e73%u) = —3ze™3%.
Consequently, e 3%y = —3 f:ne_?"” dx + C, or (using integration by parts) e 3%y = ze™3% —

fe_?’x dz + C.
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Finally, e 3%y = ze 3% + 567396 +C,s0u=ux+ 3 +Ce> and y = (z + 3 + Ce?’x)*l/?’,

where C is an arbitrary constant.
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(3) Given

x 3y? — a2
el vy 2 _
2y4daz+< 7 + y) dy =0,
we consider f(z,y) such that
OF () = 2
gz Y= 2y4

OIS

Integrating the first equation with respect to x, we obtain

72
f@y) =+ ).
To find ¢(y), we evaluate

of 2 3y? — 22

72T,y =——+cly — +

o) == ) = P

, / 3 3 (29~
hence c(y) satisfies the ODE: ¢'(y) = — + /2y. Therefore c(y) = ~5.2 + 3 + C, where
Y Y

C is an arbitrary constant.
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Finally we have that f(z,y) = 4%4 ~ 2y + ( y;
solution of the given exact equation is (in implicit form)
LL‘2 3 (2y)3/2

4yt 2y2 3

+ C, and we conclude that the general

= ¢, where c¢ is an arbitrary constant.

Now, y(0) = 2 implies ¢ = 55/24, hence the solution of the IVP
72 3 (2y)3/2 B %

4yt 22 3 24

U
(4) Denote by A(t) the number of pounds of salt in the tank at time ¢. Then we must solve the

IVP
dA 5A

o2 22 A(0)=0.
dt oy A0=0

The ODE is linear with an integrating factor u(t) = exp </ 100 — ¢

dt> = exp(—51In(100 —
t)) = (100 — t)~°
12
So, (100—t) 5 A’(t)+5A(100—t)~* = 12(100—t)~°, hence (100—t) S A(t) = Z(100—75)*4+C
where C will be determined from A(0) = 0 to be equal to —3/100%.
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Finally, we have A(t) = 3(100 — t) — (100 — £)° and A(30) = 210 — 18~ 20097 Ib.
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